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The quasinormal spectrum of a charged scalar field around a non-extremal Reissner-Nordstro¨m
black hole, specially in the limit of large electromagnetic interaction, has been comprehensively
studied only very recently. In this work, we extend the analysis to Dirac fields using the continued
fraction method and compare the results with the scalar case. In particular, we study the behaviour
of the fundamental quasinormal mode as a function of the black hole’s charge and of the electromag-
netic interaction parameter. We derive an analytical formula for the quasinormal frequencies in the
limit of large electromagnetic interaction. As the extremal limit of black hole charge is approached,
we show that, unlike the case of neutral fields, the imaginary part of the quasinormal frequencies
approach zero for charged fields.
PACS numbers: 04.30.Nk, 04.70.Bw
I. INTRODUCTION
The study of black hole perturbations was pioneered
by Regge and Wheeler in the 1950s while attempting to
establish the stability of Schwarzschild black holes [1].
Later, Vishveshwara [2] identified a special type of per-
turbation characterized by purely outgoing waves at spa-
tial infinity and purely ingoing waves in the vicinity of
the event horizon. Such perturbations, dubbed quasi-
normal modes (QNMs) by Press [3], are only permit-
ted for a discrete set of complex frequencies ωn, the so–
called quasinormal frequencies. Assuming a time depen-
dence of exp(−iωt), if their imaginary part is negative
(Im(ωn) < 0), the perturbation is damped; similarly, if
Im(ωn) > 0, the mode is dynamically unstable and its
amplitude grows in time until the linear approximation
ceases to be valid.
QNMs have been studied in many different contexts,
including (but not limited to) the scattering of particles
by black holes [4–6], the formation of black holes by the
collapse of a star [7, 8], the stability of black holes [9, 10],
the quantization of black holes [11–13], the AdS/CFT
correspondence [14], and the perturbation of analogue
black holes [15]. Perhaps the most famous manifesta-
tion of QNMs occurs in Astrophysics, when gravitational
waves are emitted by a perturbed black hole. Such pro-
cess can be divided into three stages. First, there is
an outburst of radiation which is highly dependent on
the initial perturbation; second, there is a long period
of quasinormal oscillation, and finally, at later times, the
QNMs damp out and become dominated by a power law
tail.
According to the uniqueness theorems, once a black
hole has reached a stable configuration, it will be charac-
terized only by three parameters: its mass M , its charge
Q, and its angular momentum J . The QNM ωn of a black
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hole, on the other hand, will in general be described by
an interacting field which is characterized by a mass pa-
rameter µ, a charge parameter q, an orbital number `, an
azimuthal number m and an spin parameter s (depend-
ing on the type of perturbation, i.e. scalar, Dirac, electro-
magnetic or gravitational). There exists in the literature
an extensive amount of research on QNMs, for almost
any kind of black hole and any kind of perturbation –
see e.g. [16–19] for recent reviews on the subject. There
is one situation, however, which only recently has drawn
the attention of the physics community. The QNMs of
charged fields in a charged black hole background have
only been studied in detail in the regime µM  1 and
qQ 1 [20–25], the exception being Refs. [26–28], where
the scalar case was analysed. In view of that, our main
objective in this work is to use the continued fraction
method to present a detailed study of the quasinormal
modes of a massless charged Dirac field for arbitrary val-
ues of qQ, comparing the obtained results with the scalar
case. We also discuss in detail the behaviour of the QNM
frequencies in the limit Q→M of extremal black holes.
II. FIELD DYNAMICS
Let us start by describing the dynamics of massless
charged fields around a Reissner-Nordstro¨m (RN) black
hole of mass M and charge Q whose metric is given by
ds2 = −∆
r2
dt2 +
r2
∆
dr2 + r2
(
dθ2 + sin2 θdϕ2
)
, (2.1)
where ∆ = r2 − 2Mr + Q2. The locations of the event
horizon and of the Cauchy horizon are, respectively,
r+ = M +
√
M2 −Q2 and r− = M −
√
M2 −Q2. The
RN metric can be obtained from the Einstein-Maxwell
equations by assuming stationarity and spherical sym-
metry. The electromagnetic field is obtained from the
electromagnetic potential Aµ, whose only non-vanishing
component is A0 = −Q/r.
A massless charged scalar field ψ propagating on a RN
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2background obeys the Klein-Gordon equation
(∇µ − ieAµ) (∇µ − ieAµ) ψ = 0. (2.2)
A massless charged Dirac field, on the other hand, can be
described by a pair of spinors PA and Q¯A which satisfy
the Dirac equations,
σµAB′ (∇µ − iqAµ)PA = 0, (2.3)
σµAB′ (∇µ + iqAµ)QA = 0, (2.4)
where σµAB′ are generalizations of the Pauli matri-
ces [29]. Note that, by using the differential operator
∇µ − iqAµ, we have assumed the minimal coupling be-
tween the scalar/Dirac field and the electromagnetic field
of the black hole.
All the equations above can be separated if one uses ap-
propriate ansatzes. In fact, let us rewrite the scalar field
as ψ = R0(r)Y
0
jm(θ, φ)e
−iωt and the fermionic spinors as
P 0 =
R− 12 (r)Y
− 12
jm (θ)
r
e−iωteimϕ, (2.5)
P 1 = R+ 12 (r)Y
+ 12
jm (θ)e
−iωteimϕ, (2.6)
Q¯1
′
= R+ 12 (r)Y
− 12
jm (θ)e
−iωteimϕ, (2.7)
Q¯0
′
= −
R− 12 (r)Y
+ 12
jm (θ)
r
e−iωteimϕ, (2.8)
where ω is the frequency of the field, j ≥ |s| and
−j ≤ m ≤ j are integers (scalar case) or half-integers
(fermionic case) and Y sjm(θ) are the corresponding spin-
weighted spherical harmonics [30] (note that for scalar
fields, ` is usually used instead of j). After some algebra,
one can show that the radial components of the fields,
Rs(r), satisfy the following master equation [24, 31],
∆−s
d
dr
(
∆s+1
dRs
dr
)
+
[
K2 − 2is(r −M)K
∆
+4isωr − 2isqQ− λs
]
Rs = 0, (2.9)
where K = ωr2 − qQr and λs = (j − s)(j + s + 1) is a
separation constant. The equation above is analogous to
the radial Teukolsky equation for the Kerr metric [32].
If we now make the transformation fs = ∆
s/2rRs and
adopt the tortoise coordinate r∗ (defined by dr∗/dr =
r2/∆), the master equation (2.9) becomes
d2fs
dr2∗
+Ws(ω, r∗)fs = 0, (2.10)
where the complex function Ws is given by
Ws(ω, r∗) =
∆
r4
[
(K − is(r −M))2
∆
+ 4isωr
−2isqQ− j(j + 1) + s2 − 2M
r
+ 2
Q2
r2
]
. (2.11)
The equation above can be solved analytically in the
asymptotic limits of the tortoise coordinate space (note
that r∗ → −∞ and r∗ → ∞ correspond, respectively, to
the event horizon r → r+ and the spatial infinity r →∞).
By further imposing the boundary conditions naturally
associated with quasinormal oscillation, i.e. purely outgo-
ing waves far away from the black hole and purely ingoing
waves near the black hole’s event horizon, one is able to
obtain the asymptotic form of the quasinormal modes.
For a non-extremal black hole (0 ≤ Q < M), the result
is
fs →
Z
out
s r
−s−iqQ
∗ e+iωr∗ , r∗ →∞
Ztrs e
− s2
(
r+−r−
r2
+
)
r∗−i
(
ω− qQr+
)
r∗
, r∗ → −∞
(2.12)
where Zouts and Z
tr
s are constants.
Equation (2.10), together with the boundary condi-
tions above, becomes an eigenvalue problem for ω so that
only a discrete set of frequencies (the quasinormal fre-
quencies ωn) is allowed. In the next section we describe
the continued fraction method, a commonly used method
to determine the quasinormal frequencies, and discuss
its implementation for charged fields around a RN black
hole.
III. CONTINUED FRACTIONS
In 1985, inspired by a technique due to Jaffe to calcu-
late the energy eigenvalues of the H+2 ion, Leaver devised
a numerical method to compute QNMs of Schwarzschild
and Kerr black holes using continued fractions [33, 34].
His approach consists in expressing the solution to the
wave equation, with the appropriate boundary conditions
for QNMs, as a power series which is everywhere conver-
gent, except possibly at the asymptotic limit r →∞. By
requiring convergence also at infinity, one obtains a con-
tinued fraction relation which must be satisfied by the
expansion coefficients of the power series.
Leaver’s original method was later improved by
Nollert [35] and has since been used to calculate QNMs
in a variety of situations [19]. Recently, it has been used
in Ref. [28] to obtain the QNMs of a charged scalar field
around a Kerr–Newman black hole. In this paper, be-
sides the scalar case, we also apply Leaver’s technique to
determine the QNMs of a massless Dirac field around a
RN black hole without any restrictions on the parameters
involved. To the best of our knowledge, it is the first time
that these QNMs are calculated for Dirac fields without
the assumption of small qQ. For small qQ, the QNMs of
charged Dirac fields around a RN black hole have been
calculated in Refs. [23] and [25] using, respectively, the
WKB and the Po¨schl–Teller methods. We also note that
the continued fraction method has been applied to the
more general context of a Kerr-Newman-de Sitter back-
ground in Ref. [22].
To implement Leaver’s method, we start by noting
that, in the non-extremal case, eq. (2.9) has an irregular
3singularity at r = +∞ and three regular singularities at
r = 0, r = r− and r = r+. The solution which satis-
fies the boundary conditions (2.12) can be expanded in
a powers series around r = r+,
R(r) = eiωr(r − r−)
∞∑
n=0
an
(
r − r+
r − r−
)n+δ
, (3.1)
where  = −iqQ + iω(r+ + r−) − 2s − 1 and δ = −s −
ir2+
(
ω− qQr+
)
r+−r− . The coefficients an must satisfy the three-
term recurrence relations
{
α0a1 + β0a0 = 0,
αnan+1 + βnan + γnan−1 = 0, n ≥ 1 (3.2)
where αn, βn and γn are given by
αn = −(n+ 1) [r−(n− s+ 1) + r+(−n− 2iqQ+ 2ir+ω + s− 1)] , (3.3)
βn = −r+
[
λs + 2n
2 − 4ir+ω(2n+ 3iqQ+ 1) + 6inqQ+ 2n− 4(qQ)2 + 3iqQ− 8r2+ω2 + s+ 1
]
+ r− [λs + 2n(n+ iqQ+ 1) + iqQ+ s+ 1]− 2i(2n+ 1)r−r+ω, (3.4)
γn = −{n+ 2i [qQ− ω(r+ + r−)]} [n(r− − r+) + ir+(−2qQ+ 2r+ω + is) + r−s] . (3.5)
When q = Q = s = 0, these coefficients reduce to the
original ones obtained by Leaver for the Schwarzschild
case [33]. Additionally, for uncharged fields (qQ = 0),
these coefficients are compatible with the ones obtained
in Ref. [36]; for scalar fields (s = 0), they are compatible
with the ones obtained in Ref. [12].
Since r+ is a regular singular point, convergence of the
series is automatically guaranteed for r+ ≤ r <∞. Con-
vergence also at r = ∞ implies convergence of the sum∑
n an and, therefore, the coefficients an must satisfy the
following infinite continued fraction equation [37],
0 = β0 − α0γ1
β1−
α1γ2
β2− . . . (3.6)
Any QNM can be found by solving the equation above if
the infinite continued fraction is truncated at some suffi-
ciently large index N. However, in practice, the equation
above is only used to calculate the fundamental frequency
(its most stable root). In order to find the n-th quasinor-
mal frequency, it is more convenient to invert the equa-
tion above n-times, resulting in the following equation,
βn−αn−1γn
βn−1−
αn−2γn−1
βn−2− . . .
α0γ1
β0
=
αnγn+1
βn+1−
αn+1γn+2
βn+2− . . . ,
(3.7)
whose most stable root is exactly the n-th QNM fre-
quency.
As discovered by Nollert [35] for Schwarzschild black
holes, the convergence of Leaver’s method can be im-
proved if one estimates the ‘error’ associated with the
truncation of the continued fraction. To implement the
technique in our problem, we first note that RN =
−aN+1/aN satisfies the recursive equation
RN =
γN+1
βN+1 − αN+1RN+1 , (3.8)
and, therefore, corresponds exactly to the ‘rest’ of the
continued fraction (3.6) truncated at order N. We then
expand RN in a power series of N
1/2,
RN =
∞∑
k=0
CkN
−k/2, (3.9)
and substitute it in eq. (3.8) to determine the coefficients
Ck. The first coefficients obtained this way are given by
C0 = −1, C1 =
√
2iω(r− − r+) and C2 = 34 − s− iqQ+
2iωr+.
IV. NUMERICAL RESULTS
We shall now use a root–finding algorithm to determine
the QNMs associated with equations (3.6) and (3.7). It
is convenient to rescale the equations so that the param-
eters and variables become dimensionless. Indeed, if we
rescale r → r/M and t→Mt, it is straightforward to see
that the n-th quasinormal frequency Mωn will depend
only on the following parameters: Q/M , qQ, s and j. We
focus our analysis in the case s = j = 1/2 and investigate
the behaviour of the fundamental (n = 0) QNMs as Q/M
and qQ are varied. As explained in Refs. [23, 25], the po-
tentials for s = ±1/2 produce the same QNM spectrum
and, therefore, there is no loss of generality in consider-
ing only the s = +1/2 case. As mentioned before, we
pay special attention to the regime qQ 1 and also dis-
cuss in detail what happens when the limit Q → M of
extremal charge is approached. For comparison reasons,
we have also calculated the fundamental QNMs for the
scalar case s = j = 0. The results for different sets of
parameters are presented in table I.
In order to get a complete description of the depen-
dence of the quasinormal modes on the electromagnetic
coupling between the field and the black hole, we plot the
real and imaginary parts of the fundamental frequency as
a function of qQ. The results are presented in Fig. 1 for
4TABLE I. QNM frequencies of the fundamental mode obtained with the continued fraction method for different values of Q/M
and qQ. For each value of qQ, the first line corresponds to the scalar case s = j = 0 and the second line to the fermionic case
s = j = 1/2.
Q/M = 0.01 Q/M = 0.1 Q/M = 0.5 Q/M = 0.99 Q/M = 0.9999
|qQ| |Re(ω)| Im(ω) |Re(ω)| Im(ω) |Re(ω)| Im(ω) |Re(ω)| Im(ω) |Re(ω)| Im(ω)
0
0.110457 −0.104896 0.110649 −0.104938 0.115764 −0.105751 0.133570 −0.095641 0.133459 −0.095844
0.182966 −0.096983 0.183295 −0.097033 0.192120 −0.098106 0.236845 −0.088925 0.238169 −0.087697
0.01
0.106575 −0.104213 0.106760 −0.104254 0.111673 −0.105068 0.138611 −0.095570 0.010010 −0.014155
0.179503 −0.096446 0.179824 −0.096496 0.188446 −0.097572 0.231900 −0.088850 0.010008 −0.021229
0.1
0.072255 −0.096978 0.072377 −0.097016 0.075611 −0.097778 0.186342 −0.091844 0.100110 −0.014005
0.149158 −0.091157 0.149416 −0.091206 0.156303 −0.092289 0.189365 −0.087148 0.100081 −0.021159
1
0.547816 −0.125258 0.549058 −0.125264 0.583393 −0.124817 0.895177 −0.054159 0.987906 −0.006805
0.590192 −0.120632 0.591511 −0.120655 0.627858 −0.120744 0.933299 −0.058255 0.996092 −0.008213
10
5.006341 −0.125074 5.018771 −0.125073 5.364954 −0.124410 8.765415 −0.054161 9.860731 −0.006875
5.012548 −0.124996 5.024987 −0.124996 5.371354 −0.124353 8.769147 −0.054172 9.861243 −0.006875
100
50.00188 −0.125001 50.12625 −0.125000 53.59044 −0.124356 87.63741 −0.054172 98.60556 −0.006875
50.00250 −0.125000 50.12688 −0.124999 53.59108 −0.124356 87.63779 −0.054172 98.60561 −0.006875
1000
500.0126 −0.125000 501.2564 −0.124999 535.8984 −0.124356 876.3725 −0.054172 986.0554 −0.006875
500.0126 −0.125000 501.2564 −0.124999 535.8985 −0.124356 876.3725 −0.054172 986.0554 −0.006875
the case Q/M = 0.5. In fact, in order to highlight the
symmetry of the quasinormal modes with respect to the
transformation (ω → −ω∗, qQ→ −qQ), we have plot-
ted both the Re(ω) > 0 and the Re(ω) < 0 quasinormal
branches in Fig. 1. For sufficiently small values of |qQ|,
when qQ is positive, the mode with Re(ω) < 0 is, in gen-
eral, more stable than the mode with Re(ω) > 0 (because
of the symmetry, this behaviour is reversed for negative
qQ). As |qQ| increases, the real part of the fundamen-
tal frequency approaches zero until its branch ceases to
exist and disappears from the spectrum at some critical
value of the electromagnetic coupling. Such behaviour,
which is not uncommon, was observed in Ref. [28] for
scalar fields. We have now verified that it is also manifest
for fermionic fields. As this critical value is approached,
the continued fraction method seems to converge slower.
Nonetheless, we were able to verify that this critical value
is almost unchanged as Q/M varies: for the scalar case
(s = j = 0) it is |qQ| ≈ 0.3 and for the Dirac case
(s = j = 1/2) it is |qQ| ≈ 0.7.
In Fig. 2, we have similar plots of the QNM frequencies
as a function of qQ for Q/M = 0.01, 0.5, 0.9, 0.95, 0.97,
0.99. However, due to the symmetry discussed above, we
restrict the analysis to Re(ω) > 0 without loss of gen-
erality. Note the change in the behaviour of Im(ω) as
the extremal charge limit is approached, at some point
between Q/M = 0.9 and Q/M = 0.95 (compare the top
curves with the bottom ones). In all cases, as the elec-
tromagnetic interaction increases, the imaginary part of
the quasinormal frequency approaches a constant value,
while the real part seems to grow linearly. Besides that,
the quasinormal frequencies for the scalar and fermionic
cases approach the same value when |qQ| → ∞, as one
can observe in Fig. 3, where the scalar and Dirac spectra
for Q/M = 0.5 have been superimposed. These obser-
vations are also evident in table I if one looks at it from
top to bottom as |qQ| is increased. Analytically, they can
be confirmed by expanding the continued fraction equa-
tion (3.7) in powers of qQ and solving for ω, producing
ωn =
qQ
r+
− i (1 + 2n)(r+ − r−)
4r2+
+
(r+ − r−)(2r+(1 + 2s+ 2λs) + r−(4s2 − 1))
16r3+qQ
−i (1 + 2n)(3r− − r+)(4s
2 − 1)(r+ − r−)2
64r4+q
2Q2
, (4.1)
plus terms of order (qQ)−3. A similar result [up to order
(qQ)−1] was obtained previously in Refs. [27] and [28],
but only for the scalar case. We would like to note that
our result also holds in the fermionic case, and that devi-
ations from the scalar case only show up in terms of order
(qQ)−1 and higher, as shown explicitly in the equation
above.
Another important result which we have observed in
our simulations (see the last column of table I) is that the
imaginary part of the fundamental frequency becomes
smaller as the extremal limit Q = M is approached, while
the real part approaches qQ/r+ ≈ q. However, these
modes have a strange behaviour since they correspond
to solutions of the continued fraction equation which do
not exist in the neutral limit qQ = 0. More precisely, as
pointed out in Ref. [28] for the scalar case, if we fix Q/M
and take the limit qQ → 0, there will be some critical
value of qQ below which these modes disappear from the
spectrum. Similarly to the scalar case, these modes exist
for all values of Q/M , but far from the extremal limit
5FIG. 1. Real (left plot) and imaginary (right plot) parts of the most stable QNMs of the Dirac field s = j = 1/2 as a function
of qQ for Q/M = 0.5. Note the symmetry with respect to the simultaneous transformations ω → −ω∗ and qQ → −qQ. Note
also the critical value of |qQ| above which one of the branches disappears from the spectrum.
FIG. 2. Real (left plot) and imaginary (right plot) parts of the fundamental quasinormal mode as a function of qQ for the
fermionic case s = j = 1/2 (only the Re(ω) > 0 branch is represented here). From bottom to top: Q/M = 0.01 (blue),
Q/M = 0.5 (red), Q/M = 0.9 (green), Q/M = 0.95 (brown), Q/M = 0.97 (orange), Q/M = 0.99 (magenta). Note that the
imaginary parts for Q/M = 0.01 and Q/M = 0.5 are almost indistinguishable in this plot.
FIG. 3. Comparison between scalar (s = j = 0, blue, dashed) and Dirac (s = j = 1/2, red, solid) quasinormal modes. Real
(left plot) and imaginary (right plot) parts are shown as functions of qQ for Q/M = 0.5. Note the critical values of the
electromagnetic interaction around |qQ| ≈ 0.3 for s = j = 0 and around |qQ| ≈ 0.7 for s = j = 1/2.
6FIG. 4. Real (left plots) and imaginary (right plots) parts of the Dirac quasinormal modes (s = j = 1/2) near the extremal limit
for qQ = 0.01 (top panels) and qQ = 0.1 (bottom panels). Note that near the extremal limit (above Q/M ≈ 0.9985), the most
stable quasinormal mode corresponds to the blue-solid branch, with a real part given approximately by Re(ω) ≈ qQ/r+ ≈ q.
Far from the extremal limit, the red-dashed branch corresponds to the fundamental frequency. The dots, which correspond to
solutions of eq. (A.8), are in excellent agreement with the results of the continued fraction method.
they correspond to higher overtones and therefore cannot
be the fundamental mode (see Fig. 4 for a plot of these
‘strange’ modes showing the exact value of Q/M above
which they become fundamental modes).
Analytically, an indication of the existence of such
modes can be obtained if, instead of solving eq. (3.6) for
ω, we write ω = qQ/r+ +K(r+ − r−) and solve the cor-
responding equation for K. An interesting consequence
is that the coefficients αn, βn and γn become propor-
tional to (r+− r−). Eliminating this common factor, the
coefficients can be redefined as
αn = −(1 + n)(1 + n− 2iKr2+ − s); (4.2)
βn = 1− iqQ+ 2iKr+r− + 2(n− 2iKr2+) (4.3)
[n+ 1− iqQ− 2iKr+(r+ − r−)] + s+ λs;
γn =
i
r+
(2qQr− + inr+ − 2Kr2−r+ + 2Kr3+) (4.4)
(n− 2iKr2+ + s).
and then eq. (3.6) can be normally solved for K. With
the original coefficients, eq. (3.6) is always proportional
to (r+−r−) and therefore one needs more precision in the
root finding algorithm to correctly determine the QNMs
when the extremal limit is approached.
The observations above suggest that, for exactly ex-
tremal black holes, the fundamental quasinormal fre-
quencies for charged fields (scalar and Dirac) have van-
ishing imaginary parts, with real parts given by the
field’s charge q. An analogous result was derived by
Detweiler [38, 39] for nearly extreme Kerr black holes
(through the calculation of the poles of the reflection
coefficient), leading him to suggest that extremal Kerr
black holes are marginally unstable. It was later argued
that this marginal instability does not really occur [40–
42]. In our case, the existence of these modes with ar-
bitrarily small imaginary parts could be an artifact of
the complicate continued fraction equation (3.6), as sug-
gested in Ref. [28]. Fortunately, in the near extremal
limit, eq. (2.9) is amenable to analytic methods (see the
appendix) and one is able to verify the existence of these
modes by an alternative calculation. In fact, the QNMs
obtained through the algebraic equation (A.8) are in ex-
cellent agreement with the ones obtained through the
continued fraction method in the limit Q→M , as shown
in Fig. 4. We have also verified that the last two columns
of table I are compatible with the solutions of eq. (A.8).
In order to complement our analysis, it would be very
interesting to check if these modes lead to a marginal
7instability of the extremal RN black hole or not.
Additionally, we would like to point out that a simi-
lar behaviour of purely real frequencies is also observed
for massive fields. As reported in [43, 44], arbitrarily long
living modes (the so-called quasi-resonant modes) can ex-
ist if the field mass has special values. If one changes the
boundary condition at infinity to consider quasi-bound
states instead of quasinormal modes, similar results can
be observed. In fact, it has been shown that the fre-
quencies of quasi-bound states of massive scalar [45] and
Proca [46] fields have zero imaginary part in the limit
Q → M . The results of Ref. [46] even indicate that this
behaviour may occur not only for extremal black holes,
but also in more generic situations.
V. FINAL REMARKS
In this work, we have implemented Leaver’s continued
fraction method, together with Nollert’s improvement, to
determine the charged Dirac quasinormal modes of a RN
black hole. We were able to compute the quasinormal fre-
quencies for arbitrary values of the interaction parameter
qQ. For qQ = 0, our results exactly agree with the ones
obtained in Ref. [36]. For small values of |qQ| our results
agree with the ones obtained in Refs. [23, 25] through
approximation methods (WKB and Po¨schl–Teller poten-
tial). As we increase the electromagnetic interaction,
our simulations indicate the existence of a critical value
of |qQ| for which the fundamental quasinormal modes
have arbitrarily small real oscillation frequencies. In the
limit of large |qQ|, on the other hand, the QNMs where
obtained both numerically and analytically for the first
time, and the results where compared with the scalar
case. Furthermore, our description unifies the treatment
of charged QNMs for scalar and Dirac fields through the
master equation (2.9) and the continued fraction coeffi-
cients (3.3)–(3.4).
The case of nearly extremal black holes is particu-
larly interesting due to the appearance of ‘strange’ modes
which do not exist for uncharged fields. The imagi-
nary component Im(ω) of such modes approach zero as
Q → M , while Re(ω) approaches qQ/r+ ≈ q. This is
exactly the upper limit of frequencies for which superra-
diant scattering occurs [47, 48]. The existence of these
modes indicate that QNMs of exactly extremal black
holes have vanishing imaginary parts, similarly to what
occurs for Kerr black holes.
It is important to remark, however, that Leaver’s orig-
inal method fails to converge for extremal black holes.
More precisely, when M = Q, the regular singularities at
r = r− and at r = r+ merge at r = M , becoming an ir-
regular singularity. Therefore it is hopeless that a power
series expansion around r = r+ [like (3.1)] will have a
non-zero radius of convergence. Onozawa et al [49] have
proposed a modification of Leaver’s method to deal with
such type of equations and have successfully applied it to
uncharged fields around an extremal RN black hole. The
obtained results are in very good agreement with the ones
obtained for nearly extremal black holes using Leaver’s
original method. As discussed by Leaver in Ref. [34] for
uncharged fields, this is not a surprise. Even though
the convergence of the original method becomes worse
as the extremal limit is approached, it can still be used
with great accuracy quite close to the extremal limit. In
our case, we have confirmed this fact by checking the
results of the continued fraction method with an alter-
native calculation. Nonetheless, it would be interesting
to implement the ideas of Ref. [49] to calculate the QNM
spectrum of charged fields around exactly extremal black
holes.
Finally, we would like to point out another interesting
fact concerning our simulations: we have not observed
any QNM with positive imaginary part, indicating that
non–extremal RN black holes are stable under massless
charged perturbations.
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Appendix
In the limit of extremal charge Q→M , together with the assumption ω → qQ/r+, it is possible to find the QNMs
of charged fields around a RN black hole by calculating the poles of the reflection/transmission coefficients of the
associated scattering problem. Such analysis has been performed in Ref. [26] for scalar fields. In what follows, we
generalize the analysis of Ref. [26] to include not only the scalar case s = 0 but also the Dirac case s = 1/2. It is
important to remark that such type of calculation is based on the seminal work of Press and Teukolsky [9] and has
been used for the first time by Detweiler to determine the QNMs of a nearly extreme Kerr black hole [38].
Inspired by the notation of Ref. [26], we use new dimensionless variables, namely
x =
r − r+
r+
, τ =
r+ − r−
r+
, ωˆ = ωr+, k = 2ωˆ − qQ, $ = ωˆ − qQ, (A.1)
8in order to rewrite eq. (2.9) as
x2(x+ τ)2R′′ + (s+ 1)(2x+ τ)x(x+ τ)R′ +
[
K2
r2+
− is(2x+ τ)K
r+
+ x(x+ τ) (4isωˆx+ 2isk − λs)
]
R = 0, (A.2)
where K/r+ = ωˆx
2 + kx+$, R = R(x) is the radial function, and ′ denotes the derivative with respect to x. We are
interested in solving the equation above in the double limit τ → 0, $ → 0. To do that, we first note that in the far
region x max(τ,$), eq. (A.2) can be approximated by
x2R′′ + 2(s+ 1)xR′ +
[
(ωˆx+ k)
2 − 2is (ωˆx+ k) + (4isωˆx+ 2isk − λs)
]
R = 0. (A.3)
Its most general solution can be written in terms of confluent hypergeometric functions,
R = C1e
−iωˆxx−
1
2−2+iδ1F1
(
1
2
− s+ ik + iδ, 1 + 2iδ, 2iωˆx
)
+ C2(δ → −δ), (A.4)
where C1 and C2 are constants, δ
2 = k2 − (j + 12)2, and the notation δ → −δ means that the preceding term should
be repeated with −δ replacing δ.
Near the horizon (x 1), on the other hand, the radial equation can be approximated by
x2(x+ τ)2R′′ + (s+ 1)(2x+ τ)x(x+ τ)R′ +
[
(kx+$)
2 − is(2x+ τ) (kx+$) + x(x+ τ) (2isk − λs)
]
R = 0.
(A.5)
The only solution of the equation above which is compatible with the boundary condition of no outgoing waves near
the event horizon is
R = x−s−i
$
τ (x+ τ)
−s−ik+i$τ
2F1
(
1
2
− s− ik + iδ, 1
2
− s− ik − iδ, 1− s− 2i$
τ
,−x
τ
)
. (A.6)
By matching the solutions (A.4) and (A.6) above in the overlap region max(τ,$) x 1, the coefficients C1 and
C2 can be determined:
C1 =
Γ
(
1− s− 2i$τ
)
Γ (2iδ) τ
1
2−s−ik−iδ
Γ
(
1
2 − s− ik + iδ
)
Γ
(
1
2 + ik + iδ − 2i$τ
) , C2 = Γ (1− s− 2i$τ )Γ (−2iδ) τ 12−s−ik+iδ
Γ
(
1
2 − s− ik − iδ
)
Γ
(
1
2 + ik − iδ − 2i$τ
) . (A.7)
Finally, the requirement that eq. (A.4) be compatible with (2.12) in the limit x → ∞ (i.e. no ingoing waves)
produces an algebraic equation for the QNM frequencies:
Γ (2iδ) Γ (1 + 2iδ) Γ
(
1
2 − s− ik − iδ
)
Γ
(
1
2 + s− ik − iδ
)
Γ
(
1
2 + ik − iδ − 2i$τ
)
Γ (−2iδ) Γ (1− 2iδ) Γ ( 12 − s− ik + iδ)Γ ( 12 + s− ik + iδ)Γ ( 12 + ik + iδ − 2i$τ ) + (−2iωˆτ)2iδ = 0 (A.8)
As expected, the equation above reduces to the expression obtained in Ref. [26] when s = 0. We also note that a
similar calculation was performed in Ref. [24] for charged perturbations of a Kerr–Newman black hole. However, the
results of Ref. [24] do not seem to reduce to the expression above in the limit of zero rotation (and consequently, they
are also incompatible with the results of Ref. [26]).
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